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The density of natural numbers, regarded as an analogue of a probability 
measure, enjoys an ergodic property under a certain permutation group called the 
Levy group. Furthermore, the density is characterized by its invariance under the 
Levy group. Finally, rearrangement of uniformly distributed sequences is discussed 
in connection with the Levy group. (‘ 19RX Acadennc Press, Inc. 
INTRODUCTION 
Let N denote the set of all natural numbers. For a subset S of N the 
quantity 
6(S)= lim $Sn (1,2 ,..., N).(, 
N + ,L, 
where 1.1 stands for the cardinality, is called the (asymptotic) density of S if 
the limit exists. Let 9 denote the collection of all subsets of N which admit 
the density. Then the triple (N, 9,6) may be regarded as an analogue of 
a probability space. Some problems of additive number theory were 
discussed by M. Kac [S, 6) from this viewpoint. 
The main purpose of this paper is to discuss the density along with per- 
mutation groups. Let aut(N) be the group of all permutations of N. The set 
CC?= gEaut(N); lim I ,{I <n<N;g(n)>N)I =0 
N-r N 
forms a subgroup of aut(N) and is called the L&y group after T. Hida [3]. 
The density is shown to be invariant under the Levy group. Thus, the 
system (N, 9, S; ‘9) is the main object of study in this paper. We first show 
that the density is ergodic under the Levy group (Theorem 1). Next we give 
a characterization of the density by means of the invariance under the Levy 
group (Theorems 2 and 3). 
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The Appendix contains a characterization of the Levy group in terms of 
functionals on sequences. As an application we shall prove that any per- 
mutation of the Levy group preserves the property of uniform distribution 
of sequences. This result is closely related to the work of J. von 
Neumann [ 141. 
The Levy group, originally introduced by P. Levy [9, Part III], has been 
studied in [ 1 l-131 in connection with certain problems of functional 
analysis. 
1. DENSITY OF NATURAL NUMBERS 
Let N denote the set of all natural numbers. For a subset S of N we put 
S(S)=limsup++[Sn(1,2,...,N)~ 
N - -L 
and 
ri(S)=lhmi;f$Sn {l, 2, . . . . N}I, 
where 1. I denotes the cardinality. These are alled the upper and lower 
(asymptotic) density of S, respectively. If the two are equal, we refer to their 
common value as the (asymptotic) density of S and denote it by 6(S). 
We denote by 9 the collection of all subsets of N which admit the den- 
sity. The triple (N, 9, 6) is an analogue of a probability space but not 
quite. In fact, one should note that 9 is not finitely additive. Nevertheless, 
we have the following 
PROPOSITION 1.1. Zf SE Y, then s’ E 9 and 6( SC) = 1 - 6(S). 
PROPOSITION 1.2. Let S, and S, he members of 8. Then the ,following 
four conditions are mutually equivalent: 
(i) S, uS,EY; (ii) S,nSZEY-; 
(iii) S, - SZ E 9; (iv) S,-S,Ep-. 
If one of the four conditions is satisfied, we have 
6(S, u S,) = 6(S,) + d(S,) - 6(S, n S,). 
The proofs of the above results are quite simple and are omitted. The 
next result, which might be intuitively apparent and well known, is of great 
importance to our goal. 
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PROPOSITION 1.3. Let A E 9. For any i., 0 6 i d 6(A), there e.uists a 
subset B c A such that 6(B) = 2. 
Proof The assertion is trivial if j” = 0 or i. = 6(A). Suppose that 
0 < 1, <6(A). We may assume that A does not contain 1 and we put 
cc(N) = IA n { 1, 2, . . . . N}I. 
Weshall define JNk);zI, (M,);=,, {px)k/l=, and (I,).,‘=,. First wemay 
find two numbeis N, and M, uniquely by the’conditions: 
,-w 42) - = 
1 ’ 2 ‘...’ mPl)<]<w,) * N, - 1 ’ N, 
WY)> 4N,) > .,, > dN,) 4N, 1 
N, N, + 1 
------>A>- 
M, - 1 M, 
We put 
I, = {N, + 1, . . . . M,) and ~~=l~,nAl. 
Assume that the sequences are determined up to k - 1. Then we may find 
two numbers N, and M, uniquely by the conditions: 
“(M,-,1-q, , dM, ,+1)-q, I 
M ’ k I M, ~ , + 1 ’ “” 
a(N,-l)-q,~,<;<sc(N,)-q,~,. 
N,-1 ’ N, ’ 
“(Nk)-q, ~>a(~,)-q,-,> __. ,@%-‘h dNk)-qk-, 
Nk N,, + 1 M,-1 
2i> 
Mk ’ 
where qk , =p, + ... +pk ,. We put 
Ik = (Nk + 1, . . . . Mk) and pk=IlknAj. 
Note that 1 -M,<N,<M,<N2<M2< .... 
We would like to show that the set 
B=A- i, I, 
k=l 
satisfies the desired property. To this end it is sufficient to show that 
_S( B) > J. because 6(B) = 1, is obvious by construction. Since 
B(Mk - 1) > i > b(Mk) 
M,-1 ’ M, 
and B(N,- 1) <n<P(Nd 
N,-1’ N,’ 
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where P(N)= 1Bn cl, 2, . . . . Nil, we have 
In view of the identity 
B(N) = r(N) - qk? Mk<N<Nk+,, 
we have 
B(N) -- i=4Wqqk-l = 
N ( 
4N) -- 
N ’ N 
S(A) 
Moreover, 
6(A)-+eqA)-A- b(“k-l),dtAj a(Mk). 
h h’f-1 M,-1 
Therefore, 
B(N) 3 > a(N) -- *, 
N 
--S(A) 
N 
where M, < N < N, + , Since lim, _ x CI( N)/N = &(A ), we conclude that 
A < 4(B) as desired. Q.E.D. 
2. THE LEVY GROUP 
Let am(N) be the group of all permutations of N and g(6) the subgroup 
of all permutations which preserve the density: 
3(6)={g~aut(N);g9=9and6(g(S))=6(S)foranyS~J). 
For any g E aut(N) we put 
supp g = {n E N; g(n) #n}. 
Then g is a bijection from supp g onto itself. In particular, 
supp g = supp g ~ ‘. From the inequality 
J(S, u S,) d &S,) + 6(&L s, E5, S,EF, 
which is verified easily, we see that the set 
gO= {gEaut(N);G(suppg)=O} 
292 NOBUAKIOBATA 
forms a subgroup of aut(N). Obviously, the group of all finite per- 
mutations, denoted by G,, , is a proper subgroup of 9&. 
For g E aut(N) we put 
FL(g)= {l dndN;g(n)>N). 
It is shown that the set 
becomes a subgroup of aut(N). Following T. Hida [3] we call 9 the L&u? 
group. The next result was proved in [ 111. 
PROPOSITION 2.1. 5, C$)C%PC(6). 
EXAMPLE 2.2. Let 0 = N, < N, < ... be an increasing sequence of 
integers. For any gE aut(N) which leaves every subset {N,- 1 + 1, . . . . Nk} 
stable, we have 
lir$+s:P i IF,‘(g)1 6 l$n+s:p (Nk/N, , - 1). 
Therefore, g E $9 whenever lim, _ ,r N,/N, , = 1. 
Remark 2.3. From the above example it follows that g0 is a proper sub- 
group of 59. Furthermore, it may be shown that 9 is a proper subgroup of 
Y(6) and that ?JO is a normal subgroup of C!?(6). 
LEMMA 2.4. LetA=ja,<a,<...)andB={b,<b,<...lbemembers 
of 9 with the same density. Put A” = {a’, <a; < .‘.> and B’ = 
{b; < b; < 1. Assume that A, A“, B, and B’ are infinite sets. A permutation 
g E aut(N) defined by 
da, I= b,,, g(4) = bL, n = 1, 2, . . . . 
belongs to the LPvv group 9. 
Proof For each NE N we put 
a(N)= IAn {1,2,..., N)( and b(N)= IBn {1,2...N}I. 
By assumption we have 
lim u(N) B(N) 
N + m 
-=6(A)=6(B)= lim N. 
N N-x 
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h PIN)~N<~~(N)+~, 
With the help of the inequalities 
a z(N)~N<a%tNj+l and 
we have 
IF,+(g)1 = IdN) 
Therefore 
- B(N)I. 
limsup$IFc(g)(=limsup 
N- x N-1 
Hence we have g E 9. 
The following result is then immediate. 
a(N) B(N) =. 
N-N * 
Q.E.D. 
PROPOSITION 2.5. Let A and B he members of 9 such that 
0 < S(A) = 6(B) < 1. Then there exists a permutation g E Y such that 
g(A) = B. 
3. THE MAIN RESULTS 
In the previous sections we have shown that the density 6 is an analogue 
of a probability measure on N which is invariant under the Levy group 3. 
From this point of view we shall give two noticeable facts which corres- 
pond to the well-known properties of invariant measures on a 
homogeneous space. 
The following result means that the density is ergodic under the Levy 
group. 
THEOREM 1. Assume that A E 9 is almost invariant under the LPvy 
group, i.e., 
&A @g(A))=0 for all g E 9, 
\+#lere 0 denotes the symmetric dzifference. Then 6(A) = 0 or 1. 
ProojI We show the assertion by contradiction. Suppose that 
0~ 6(A) < 1. Replacing A with A” in the case of $<6(A) < 1, we may 
assume that 0 < 6(A) < f. With the help of Propositions 1.3 and 2.5 we take 
a subset B c A“ such that 6(B) = 6(A) and a permutation g E c?? such that 
g(A) = B. then we have 
6(A @g(A))=&A @ B)=J(Au B)=&A)+&B)>O, 
which completes the proof. Q.E.D. 
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Next we give a group-theoretical characterization of the density. 
THEOREM 2. Let y he a non-negatiue,function d&ed on .3 Assume that 
y satisfies the following three conditions: 
(i) (fkite additivity) ‘J(A u B) = y( A) + ‘J(B) for any pair A, BE S 
with AnB=@; 
(ii) (invariance) y(g(A))=y(A)ftir any AE~ andgE%; 
(iii) (normalization) y(N) = 1. 
Then y coincides with the density (5. 
Proof. We first show that y(A) = 6(A) for every A ~9 such that 6(A) is 
rational and 0 < 6(A) < 1. Suppose that 6(A) = q/p, where p 3 2 and q >, 1 
are integers. With the help of Proposition 1.3 we may find disjoint subsets 
A , , . . . . A, E F with the same density l/p such that N = A, u . . u A,] 
and A=A,u ... uA,. By Proposition 2.5 there exist permutations 
g,, . . . . g,,EG+ such that g2(A2)= ... =g,(A,)= A,. Then it follows from 
conditions (i )-( iii ) that 
1 =y(N)=y(A,)+ ... +y(A,) 
=1’(A,)+i’(g,(A,))+ ... +y(g,(A,)) 
=y(A,)+y(A,)+ ... +y(A,)=py(A,). 
Therefore 1;(,4 I ) = 1 /p and 
Y(A)=Y(A,)+ ... +Y(A,) 
=;)(A,)+y(gdAr))+ ... +;‘(g,(A,)) 
= Y’J( A, ) = q/p = 6(A). 
Next we show that 6(A) d y(A) for any A E 3. If 6(A) = 0 the assertion is 
obvious, so we assume that 6(A) > 0. Take a sequence {r, ) ,‘-= , of rational 
numbers such that 0 <r, < rz < ... --t 6(A). With the help of 
Proposition 1.3, for each n 3 1 we choose a subset A,, E 9 such that A, c A 
and 6(A,,) = r,,. From the result of the previous paragraph it follows that 
where the last inequality follows from condition (i) and the non-negativity 
of y. Hence, 6(A) < y(A) as desired. 
In order to prove the final assertion we have only to note that y( A‘) = 
I-y(A)foranyA~p. Q.E.D. 
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Finally we discuss a possibility of weakening the assumption in the 
above statement. Let .$ be the field generated by 9; namely, g is the 
smallest family of subsets of N which includes 9 and contains the com- 
plement of each of its members and the union of each finite collection of its 
members. Note that 9 is stable under 3. In fact, g$ is a field including 9, 
namely, gc@ 19. Since g E 9 is arbitrary, we have gg = 4. 
Following [ 1, Chap. III] we recall some standard notions. A real-valued 
function p defined on the field 9 is called finitely additive if p(A u B) = 
p(A) + p(B) for any pair A, BE 9 with A n B= 0. Let p be a finitely 
additive function defined on 9. For every A E 5 the total variation of ,u on 
A, denoted by 1~1 (A), is defined as 
IPI (A)=sup i IP(A 
k=l 
where the supremum is taken over all partitions of A into finitely many 
subsets {A, ) c 4. We say that the function p is of bounded variation if 
1~1 (N) < OJ. It is known that 1~1 is a non-negative, finitely additive 
function if p is of bounded variation. 
THEOREM 3. Let y be a real-valuedfunction defined on 9. Assume that 1 
can be extended to a real-valued function -7 on .g which admits the,following 
properties: 
(i) j is finitely additive; 
(ii) 7 is of bounded vuriation; 
(iii) y’ is invariant under Y. 
Then y = CS w’ith c = y(N). 
Proof: For A E .$ we put 
p++(A)=;{ljj (A)+j4A)), ~~(A)=~{ly”l (AI-y”(A)). 
Then p ’ and /lag become non-negative, finitely additive functions defined 
on 9 [ 1, Theorem 111.1.81. Moreover, they are invariant under 9’ by con- 
dition (iii). It then follows from Theorem 2 that there exist non-negative 
constants c, and cz such that p’(A)=c,&A) and p-(A)=c,d(A) for any 
A E 3. Therefore we have 
y(A)=y(A)=p+(A)-p (A)=cd(A), AEF, 
where c = c, - c2 = v( N ). Q.E.D. 
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APPENDIX: REARRANGEMENT OF UNIFORMLY DISTRIBUTED SEQUENCES 
We begin with a characterization of the Levy group. Let I” be the 
Banach space of all bounded real sequences a = (a,):=, equipped with the 
norm [lull ,T, = sup (a,,l. Put 
L+(o)=li;+szp$ f a,,, 
n=l 
L (u)=liminfh f a,, 
N-x n=l 
where a=(~,,);,, ~1~. Obviously, Lf(-a)= -L-(u). The group aut(N) 
acts on I’ as a coordinte permutation, i.e., by means of the maps: 
a = (&I),:= , H w = (0.e +&=, > gEaut(N). 
The following result was proved in [ 111. 
PROPOSITION A.l. The L&y group is the maximal permutation group 
which keeps L + (or L ~ ) inuariunt. 
Let $3 be the space of all a E 1” such that L+(u) = L ~ (a). Then 9 
becomes a closed subspace of 1” and the functional 
L(u)= lim !- : a,, 
N+-1 N 
U=(u,);=, ES!, 
n=I 
is continuous and linear. We denote by %(L, 9) the group of all 
permutations which leave L invariant: 
%(L,C4)={g~aut(N);g$3=9, L(gu)=L(u)foralluE~}. 
The next result was also proved in [ 111. 
PROPOSITION A.2. 99 c Y( L, 9) c Y(S). 
A sequence (.u,);= , , 0 <x, < 1, is called uniformly distributed on the 
interval [0, 1) if 
for any pair a, b of real numbers with 0 da < b d 1. Obviously, this 
property depends upon the arrangement of the sequence. 
PROPOSITION A.3. Assume that x = (x,),;-_, is uniformly distributed on 
[0, 1). Then, for any gg Y, the rearranged sequence gx is also uniformly 
distributed on [0, 1). 
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Proqf Let f be a real-valued continuous function defined on the inter- 
val [0, l] and put 
By virtue of Weyl’s theorem [ 151, we see that a E 9 and that 
It follows from Proposition A.2 that 
L(ga)=L(a)= j;f(.x)d.r. 
for every g E 9. Hence, using Weyl’s theorem again, we conclude that the 
rearranged sequence gx is uniformly distributed. Q.E.D. 
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